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a b s t r a c t
The objective of this paper is to present and validate an improved formulation of
the hydraulic network equations that incorporate pressure-dependent leakage in Water
Distribution Systems. The formulation is derived from the Navier–Stokes equations and
solved using an adequate splitting method. An implicit numerical scheme is used to solve
the p-Laplacian equation. The model is validated on a benchmark pipe network.
© 2009 Published by Elsevier Ltd
1. Introduction
Many studies onmodeling leakage inWaterDistribution Systems (WDS) have already been carried outwhere leakage had
been considered as a stochastic process [1], or an uniformparameter along a pipe [2–4]. Nevertheless, it has been shown that
pressure is one of the most significant factors influencing leakage in WDS [5,6]. Therefore it is important to take pressure-
dependent leakage into account. In this work we propose to introduce partial differential equations in order to predict more
accurate hydraulic flows in WDS.
In the present physical model, a nonlinear operator related to the diffusion is proposed. This operator is known as the
p-Laplacian and is used in some mathematical models associated with image processing, nonlinear diffusions, filtration,
creeping flows in solids and quasi-Newtonian flows in general. Glowinski and Marrocco [7] have studied the finite element
approximations of this type ofmodels. In this paper, twomethods have been studied and compared to solve this p-Laplacian
equation. The first one is a basic method which consists of using a semi-implicit technique, and the second one is a more
general method (Newton method) which consists of using an implicit technique.
The originality of this paper consists of using the above numerical methods to solve such a hydraulic stiff problem in
WDS, taking into account the leakage varying the flow rate nonlinearly with the pressure.
In the first section, the physical advection–reaction–diffusion model is presented. Then, a resolution of this model based
on a splitting method is proposed. Particularly, different methods of solving the p-Laplacian equation are detailed. Finally,
some results from a simple case study are presented.
2. Physical model
An improved formulation of the hydraulic network equations which incorporates pressure-dependent leakage is
presented in this section. This formulation was derived from the axisymmetric Navier–Stokes equations in cylindrical
coordinates for quasi-two-dimensional analysis assuming incompressible fluid [8]. The state variables are the flow rates
in pipes and the head at junctions.
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2.1. Governing equations
The general hydraulic equation which represents flow rates in WDS is written as:
1
gS
∂Q
∂t
(t, x)+ ∂H
∂x
(t, x)+ 1
gS2
∂(βQ 2)
∂x
(t, x)+ j(Q (t, x))+ ∂z
∂x
(x) = 0 (1)
with
j(Q (t, x)) = k|Q (t, x)|γ−1Q (t, x) (2)
where Q denotes the flow rate or velocity flux on the cross-sectional area, H the piezometric head, g the gravitational
acceleration, S the inside cross-sectional area of pipe, β the Boussinesq coefficient (constant in this paper), j(Q ) the head
losses term, k the friction coefficient which depends on the units used and z the elevation head from a data point to a point
in the pipe.
The continuity equation reads:
∂Q
∂x
(t, x) = −q` (3)
where q` denotes the leakage flow rate.
The leakage flow rate is often written in a general form as:
q` = cmax(0,H(t, x)− z(x))α (4)
where c is a strictly positive leakage coefficient and α is a positive leakage exponent.
As an example, the Torricelli equation is a particular case of the above equation for a leakage exponent equals to 0.5.
For generalisation purpose, an absolute value is introduced in Eqs. (3) and (4). Thus, the head is written as:
H = 1
c
1
α
( ∣∣∣∣∂Q∂x
∣∣∣∣ )
1
α
+z. (5)
Assuming that ∂Q
∂x < 0, we obtain the following expression:
∂
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∣∣∣∣ 1α) = − ∂∂x
( ∣∣∣∣∂Q∂x
∣∣∣∣ 1α−1 ∂Q∂x
)
whereas
∂Q
∂x
< 0. (6)
Substituting ∂H
∂x by its expression related to Q in Eq. (5), the governing flow rate equation (Eq. (1)) is rewritten as:
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− 1
c
1
α
∂
∂x
( ∣∣∣∣∂Q∂x
∣∣∣∣ 1α−1 ∂Q∂x
)
+ 1
gS2
∂(βQ 2)
∂x
+ j(Q )+ ∂z
∂x
= 0. (7)
2.2. Boundary conditions
Here, it is convenient to introduce the definition of a connected graph to model WDS. The elements of a WDS are
represented by nodes and pipes.
Boundary conditions depend on the type of nodes. In this paper, two boundary conditions are presented.
Generally, for a tank taken as a node, the Neumann boundary condition – with the mass balance at the tank – is used. For
the particular case of a tank with a unique connecting pipe, the boundary condition is written as:
∂Q
∂x
(t) = −c
[
H(t = 0)− S−1f
∫ t
0
Q (τ )dτ − z
]α
(8)
where Sf denotes the tank cross-sectional area.
For a non-tank node, boundary conditions are the conservation of flow-rate pipe. For example, for a nodewhich is located
at the beginning or the end of a branch, the following Dirichlet condition is used:
Q (t) = d(t). (9)
This condition considers the flow rate at the node equal to the consumer demand.
3. Numerical model
The aim of this section is to develop a numerical scheme for simulating flow with pressure-dependent leakage in WDS.
A splitting method is chosen to solve Eq. (7). The advantage of this approach is the use of an appropriate numerical solver
for each physical phenomenon.
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3.1. Splitting method
Let us recall the main unsteady advection–diffusion–reaction equation to solve:
1
gS
∂Q
∂t
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c
1
α
∂
∂x
( ∣∣∣∣∂Q∂x
∣∣∣∣ 1α−1 ∂Q∂x
)
+ β
gS2
∂Q 2
∂x
+ j(Q )+ ∂z
∂x
= 0. (10)
The overall equation is split into two partial differential equations. The first represents advection phenomenon as:
1
gS
∂Q
∂t
+ β
gS2
∂Q 2
∂x
= 0. (11)
The second represents the diffusion–reaction phenomenon. The diffusive term is a p-Laplacian equation:
1
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− 1
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( ∣∣∣∣∂Q∂x
∣∣∣∣ 1α−1 ∂Q∂x
)
+j(Q )+ ∂z
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= 0. (12)
3.2. Numerical scheme
Each pipe has been separately discretized in order to have different flow rates depending on pressure along the pipe.
The advection equation is solved using an explicit upstream finite-difference technique. This first-order scheme is
written as:
Q n+1i = Q ni −
βδt
S
((
f (Q ni )− f (Q ni−1)
Q ni − Q ni−1
)+Q ni − Q ni−1
δx
)
+βδt
S
((
f (Q ni+1)− f (Q ni )
Q ni+1 − Q ni
)−Q ni+1 − Q ni
δx
)
(13)
with
f (Q ) = Q 2 (14)
and
u = u+ − u− and |u| = u+ + u− (15)
where δt is the time step, δx the space step, u+ and u− are respectively the positive and the negative parts of the function u.
The CFL condition is:
2β
δt
δx
max
i
|Q ni |
S
≤ 1. (16)
This condition indicates that the numerical calculations should take into account all physical time and space phenomena,
in the discretized approach.
The diffusion–reaction equation is solved using a semi-implicit finite-difference scheme.
1
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δt
− 1
c
1
α δx
( ∣∣∣∣Q ni+1 − Q niδx
∣∣∣∣ 1α−1 Q n+1i+1 − Q n+1iδx
)
+ 1
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1
α δx
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+ j(Q ni ,Q n+1i )+
∂z
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= 0 (17)
with
j(Q ni ,Q
n+1
i ) = k|Q ni |γ−1Q n+1i . (18)
A Newton method has also been tested in order to achieve a better behavior for larger range of leakage exponent α. In
this case, the diffusion–reaction equation has been written as an implicit scheme, except to the j(Q ) term which remains
semi-implicit, in order to take the nonlinearity of the second and the third terms of Eq. (17) (diffusion) into account.
Another splitting method has been tested. It consists in coupling the advection and reaction terms (versus diffusion and
reaction terms). The obtained results are similar to those of the above splitting method, nevertheless the convergence rate
is rather slower. Indeed, the time step must be 1000 times smaller in order to obtain similar results.
4. Results
The above splitting scheme is used to solve a simple model benchmark network (Fig. 1), with a pipe diameter of 125 mm
and a friction coefficient of k = 3.42 × 10−5. This network contains one tank node and five consumption nodes. Three
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Fig. 1. Benchmark pipe network.
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Fig. 2. Flow rates along pipe 2 for different leakage exponents α.
additional intermediate points have been introduced along each pipe, generating between two locations a distance of 250
m (δx = 250). The computations are performed over a period of 24 h with a time step of δt = 100.
Also, the flow rates and the heads along the pipe 2 for different levels of leakage exponent (α = 1, 1.5 and 2) are achieved.
Due to the number of additional intermediate points, five flow rates and heads for the pipe 2 are obtained.
The results are shown for one level of leakage coefficient c = 6×10−5L/s/mα+1 that is calibrated for a leakage exponent
equal to 1.
Due to the pressure-dependent leakage, flow rate decreases along the pipe from node 2 to node 3. Because the direct
effect of the leakage exponent α to modelize flow rates, larger leakage exponents increase the flow rate in order to satisfy
the consumer demand (Fig. 2). Higher leakage levels correspond to smaller heads inside pipes. This behavior is observed in
Fig. 3 noticing the magnitude of head curves for the different leakage exponents.
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Fig. 3. Head along pipe 2 for different leakage exponents α.
The results for flow rates and heads obtained using our technique correspond to similar values as that obtained using
the Porteau [4] software (the object-oriented hydraulic modeling software developed by Cemagref). This software does not
take pressure-dependent leakage into account, nevertheless the order of magnitude of the results, for an equivalent flow
rate as the above model, are the same as when imposing background leakage at nodes and intermediate points.
5. Conclusion
A formulation was derived from the Navier–Stokes equations considering the relationship between the pressure and the
leakage in a water network. Then, the derived PDE was solved with a two step splitting and using a finite-difference scheme
in order to calculate the flow rate and the head at each node and intermediate points of a benchmark network.
However, it was shown that the pressure is an important phenomenon related to the leakage in WDS. It is therefore,
innovative to include pressure-dependent leakage in hydraulic models.
A splitting based resolution was then proposed and the p-Laplacian equation was solved using a Newton method. It was
shown, that a better behavior for larger range of leakage exponents was achieved by this algorithm.
This approach was then applied to a benchmark pipe network and was compared to the Porteau software, expressing an
identical behavior for obtained head values.
The approach exposed in this paper is original to solve this type of hydraulic problem. Indeedpartial differential equations
are rarely used to model leakage. This technique allows us to take pressure-dependent leakage into account, whereas in
most models leakage is assumed to be uniform along a pipe. Furthermore, the nonlinearity of the equations is accurately
modelized by the proposed method.
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